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Abstract

In this note, we give a combinatorial proof of Bernt Lindstr's theorem that ifA,
As, ..., Apy1 are nonempty subsets of arelement set, then we can find two disjoint and
nonempty groups of indice, is, ..., i} and{ji, ja, ..., jm} sSuch that

A UAiy U...UA;, =Aj UA;,U...UA,, .

1. Introduction

In 1968, B. Landstim proposed the beautiful result from above as a problem in therA
ICAN MATHEMATICAL MONTHLY, which was sequently "solved” by H. S. Hahn in [1]. One
year after the publication of this proof several readers of ttenWHLY pointed out that Hahn's
approach was incorrect (this explains why previously, we used aphostrophes around the word
solved and furthermore, E. Smet gavecarrectsolution by using notions of linear algebra. For
the sake of completeness, we shall record this proof below.

Lindstr dm’s Theorem Consider a sef of n elements and+1 subsetsd;, As, ..., A4, CS.
Then, there exisk, m > 1 and two disjoint and nonempty sets of indicgs, io, ..., ik} N
{j1, J25 -+, jm} = 0 such that

Proof (due toSmet [2]). Without loss of generality, we may assume that {a;, ao, ...,
a, }. We associate to the subséf the vectory; € R™ having the components = (vy;, v2;, - - .,
vpj), given by
vis — { 1,if a; € Aj;
Y 0,if a; E Aj.
Since we have: + 1 vectorsvy, vs, ..., vyt1 INR™, there exists a nontrivial linear combina-
tion of them that vanishes. We separate the positive coefficients and the negative coefficients and
write down this combination in the form

D= Ay,
icl jeJ
wherel, J are disjoint sets of indices ang, > 0, for h € I U J. We claim now that
4= 4,
icl =

In fact, assume that;, € | J;.; A; and thuss;, € A; for somei € I. Then theh-th coordinate
of the vectomw; is nonzero. All coordinates of the vectarsare nonnegative and the coefficients



are positive, which implies that thieth coordinate of the vectdr_,_; A\;v; is nonzero. Now, since
this h-th coordinate oy _, ; A;v; is nonzero, there should exist some J for which theh-th

coordinate ob; is nonzero and heneg € A; C ;. ; 4;. This proves that),c; A; C U, e s 45,
and by symmetry we can analogously establish Ltﬂy%tJ A; C U;er Ai- This yields
Ail UAAZQU...UAAI']C :Ajl UAjQU...UAjm.
O

2. Combinatorial Proof of Lindstr dm’s Theorem

We now give a different approach, by making use of inductiomoio ease our work (basi-
cally to get rid of some indices), we shall now assume without loss of generality tisathe set
of the firstn positive integers. Indeed, when= 1, we have4; = Ay, = {1}, the conclusion
becoming trivially true.

We proceed to the next step: under the assumption that the statement we have to show holds
for n, we will prove it forn + 1. In this caseAq, Ao, ..., A,10 are then + 2 nonempty subsets
of {1, 2, ..., n+ 1}, for which consideB; = A; — {n + 1}. We shall further split the problem
into three separate cases:

Case | .Thereexist <i < j <n+2suchthatB; = B; = (. ThenA4; = 4; = {n+ 1}
and we are done.

Case Il . There exists only onesuch thatB; = (). Note that there is no loss of generality
in supposingB,,+2 = 0, and soA,, .2 = {n + 1}. According to the inductive assumption, for
{1, 2, ..., n+ 1}, there exist two disjoint subsefs;, io, ..., it} and{ji, jo, ..., jm} Such
that

Bil UBZ'2 U...UBZ'k :le UBj2 U...UBjm.

SettingC = A;, UA;,, U...UA;,,D=A; UA;, U...UA, ,wenow see that’ andD
differ at the most by the element+ 1 (this follows immediately from the definition d8;). In
this case, by puttingl,, 5 into C or D, we get to our conclusion, and so we are done.

Case Il .No B;isempty. Inthis case, sind®,, Bs, ..., B,+1 are all nonempty subsets of
{1, 2, ..., n}, and by the inductive assumption, there exist two disjoint susetss, ..., iy}
and{j1, j2, ..., jm} such that

BiIUBZ‘QU...UBik:Bj1UBj2U...UBjm.

In addition, B, Bs, ..., B,41 are also nonempty subsets{df, 2, ..., n}, and therefore,
according to the inductive assumtpion, we can show tha§fpB, ..., n + 2}, there exists two
disjoint subsetgry, ro, ..., r,} and{ty, ta, ..., t,} such that

By, UB,,U...UB,, =B;, UBy, U...B,.

Again, we setC’ = A;; UA;, U...UA;,D = A; UA;, U...UA, ,and furthermore
E=A4,UA,U...UA,,, F = A4, UA,U...UA;,. By using the definition ofB; in
combination with

Bi1 UBi2U...UBik :le UBDU...UB‘
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and
B, UB,U...UB, =DB;, UB, U...By,

we see thatC and D differ at the most by the element+ 1, and so doF andF. If C = D

or E = F, we are done. Hence it suffices to consider the case wheA D andE # F.
Moreover, there is no loss of generality in supposing- D U {n + 1}, which instantly implies

E = F—{n + 1}. Now note thaC UE = DUF. After amalgamating the sets occurred repeatedly
in C andE, as well as inD andF', we get two subset§, p2, ..., po} and{qi, ¢2 ..., gy} of

{1, 2, ...,n+ 2} such that

Ap UAp, U UAy = Ay UA, UL UA,,

whereG = 4, UA,, U...UA4, =CUE, H=A, UA,U...UA;,, =DUF.

Now, if {p1, p2, ..., pa} N {aq1, @2 ..., @} = (), we are done. Otherwise, if there exists
{~p1, D2, -, Px}ﬂ{fha q2 . ey qy},WeWI'iteC = {Ai1> AiQ, ceey Azk},D = {Aj17 AjQ, ceey Ajm}v
E={Ar, Aryy ..., Ar ) F ={At, Ay, ..., At }, and there is no loss of generality in as-

suming that4; does not belong t6' and E at the same time, and it does not belongt@nd F
at the same time too. Hence there are only to possibilities:

(@) A; € C andA,; € F. If there are two sets i containingn + 1, then we take away set;
from the left side in

Ap UAp U UA, = Ay UAg, U...UA,,.

Now since all elements except+ 1 in A; belong toF, and there are two sets on the left side in
the above equation contaningt 1. Thus after taking away;, the number of elements @& does
not reduce and the relation we have just written above remains an equality. In the same way, if
there are two sets i containingn + 1, then we take awayl; from the same right side, and we
still have equality.
Of course, if there is only one set@and £ containingn + 1, then after taking awayl; from
both sides, it remains to be an equality. (Now, by

Bil UBZ'2 U.. -UBik = le UBJ'QU. . .UB]'m andBil UBZ‘2 U.. -UBik = le UB]'QU. . 'UBjm>
we can see that the two sides of

Ap UA,U..LUA, =A,, UALU...UA,,
will not become empty sets.)

(b) A; € D andA; € F, thenn + 1 ¢ A;. Now after taking awayd; from both sides of the
same
Ap UAp, U.. UAy, = Ay UAyU.. UA,,

the resulting expression is still an equality.

In view of the above operation, we have a method to make the two sets of sul§gerips, ..., p.}
and{qi, ¢2 ..., gy} to be disjoint. Therefore we conclude that the statement in question holds
for n + 1. This completes the proof of Lindétm’s theorem.
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