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Abstract

In this note, we give a new parametrized version of the Hadwiger-Finsler Inequality.
Within our proof, we make use of a preliminary result, which can be interpreted as a
corollary of the Neuberg-Pedoe Inequality.

1. Introduction

The Neuberg-Pedoe Inequality is known in literature as a generalization of the follow-
ing:

Theorem 1. In any triangle ABC with the side lenghts a,b,c and S its area,

a® + b+ > 45V3.

This inequality is due to Weitzenbock (see [13]), but has also appeared at International
Mathematical Olympiad in 1961. In [6], one can find eleven proofs. In fact, in any triangle
ABC the following sequence of inequalities is valid:

a® 4+ b2+ 2 > ab + be + ca > aVbe + by/ea + evab > 3V a2b2c2 > 4SV3.
In 1937, Finsler and Hadwiger found a stronger version [7]:

Theorem 2. In any triangle ABC with side lengths a, b, ¢, and area S, the following
inequality holds:

>+ b2+ >4SV3+ (a—b)>+ (b—c)? + (c—a)

Five years later, in addition to the refinement gave by Finsler and Hadwiger, Pedoe [9]
proved a magnificient generalization of the same Weitzenbock Inequality. In Mitrinovic,
Pecaric, and Volenecs’ classic Recent Advances in Geometric Inequalities, this generaliza-
tion is refered to as the Neuberg-Pedoe Inequality. See also [8, 10-12].

Theorem 3. Let a, b, ¢, and x, y, z be the side lengths of two given triangles ABC,
XY Z with areas S, and T, respectively. Then,

a® (P + 2% —2%) + 0 (2% +2° — %) + & (2" + ¢y — 2°) > 1657,

with equality if and only if the triangles ABC and XY Z are similar.



Several proofs are available. For example, see [1-5].

In this note, from a corollary of the Neuberg-Pedoe Inequality we go back to the
Hadwiger-Finsler Inequality and give a new parametrized version of their refinement. Be-
fore we proceed, we record an inoffensive lemma, known to the author as the Conway
substitution theorem.

Theorem 4. Let u, v, w be three reals such that the numbers v+ w, w+u, u+v and
vw + wu + uv are all nonnegative. Then, there exists a triangle XY Z with sidelengths
x=YZ =\Votw, y=2X = Jw+tu, 2= XY = Jut+v. This triangle satisfies
P4 22— =2u, 22+ a2? —y? =2v, 22 +y? — 22 = 2w. The area T of this triangle equals
T =iVowtwutuw. If X = LZXY,Y = LXYZ,Z = LYZX are the angles of this
triangle, then cot X = 55, cotY = o and cot Z = 7.

Proof of Theorem 4. Since the numbers v + w, w + u, u + v are nonnegative, their
square roots /v + w, v/w + u, v/u + v exist, and, of course, are nonnegative as well. Now,
we have w +u + vu + v > /v + w, since

VwFu+vVuto>Vitw = (w+u)+ (ut+v)+2y/(w+u) (utv)>v+w

— 2/(w+u)(utv)>—-2u
— (w+u)(u+v)>(—u)?

<— ovw+wu+uv > 0.

Similarly, vu + v + vv +w > v/w +u and v +w + w +u > v/u +v. Thus, there
exists a triangle XYZ with sidelengths x =YZ =yv+w,y=2ZX =Vw+u, z= XY =
vu +v. We have

422 -2t = (\/w—l—u)Q—}— (\/u—i—v)2— (\/v—}—w)2 =(w+u)+ (u+v)— (v+w)=2u,
and similarly 22 + 22 — 32 = 2v and 22 + % — 22 = 2w. According now to the fact that

22 4% — 22

tZ =
co AT )

we deduce that so that cot Z = w/2T, and similarly cot X = «/2T and cotY = v/2T.
Since cotY - cot Z + cot Z - cot X + cot X - cotY = 1, what, using these relations,
becomes 5% - o5 + 57 * 51 + 57 * g7 = 1, it follows that vw + wu + uv = AT?, and thus
T = %\/4T2 = %\/vw + wu + wv. This completes the proof of the Conway substitution
theorem. |

2. Main result

Theorem 5. Let ABC be a triangle with side lengths a, b, ¢, and area S and let x, v,
z be three positive real numbers. Then,

9 2 2 2
AR+ P> 43S + (w yz.az+w«°.bz+29«"y.cz>,
rT+y+=z T Y z



Proof of Theorem 5. We begin with the promised corollary of the Neuberg-Pedoe
Inequality:

Lemma 6. Let ABC be a triangle with side lengths a, b, ¢, and area S, and let u,
v, w be three reals such that the numbers v + w, w + u, v + v and vw + wu + uv are all

nonnegative. Then,
ua® 4+ vb? + we? > 4/vw + wu + uv - S.

Proof of Lemma 6. According to Theorem 3, we can construct a triangle with side-

lenghts © = /v +w, y = Vw + u, z = v/u+v and area T = y/ow + wu + uv/2. Let this
triangle be XY Z. In this case, by the Neuberg-Pedoe Inequality, applied for the triangles

ABC and XY Z, we get that
a? (y2 + 22— x2) + b? (22 + 22 — yQ) + 2 (:1c2 + 9% — 22) > 16ST.

By the formulas given in the Conway substitution theorem, this becomes equivalent with

1
a® 2u+b%-20+ - 2w > 168 - Ex/vw—l—wu—l—uv;
which simplifies to ua? + vb? + wc? > 4/vw + wu + uwv - S. This proves Lemma 6. O

Returning to our main theorem, let m = xyz(z +y + 2) — 2yz(2? — y2), n = xyz(x +
y + 2) — 2zx(y? — 2x), and p = wyz(z + y + 2) — 22y(2? — 2y). The three terms n + p,
p+ m, and m + n are all positive, and since

mn + np + pm = 322?22 (x +y + 2)2 > 0,
by Lemma 6, we get that
Z [zyz(z 4y + 2) — 2yz(2? — y2)]a® > dayz(z + y + 2)V/3S.
cyc

This rewrites as

2

> [(w+y+z)—2-w ;yz} a2 > 4z + y + 2)V/35,

cyc

and, thus,

2 2 2 2
P> 4V35 4 ( y+yb+y)
r+y+z T Y z

This completes the proof of Theorem 5. |
Obviously, for x = a, y = b, z = ¢, and following the fact that
1
a® + b3 + & — 3abe = §(a+b+c) [(a=b)*+(b—0c)+ (c—a)?],

Theorem 4 becomes equivalent with the Hadwiger-Finsler Inequality.



References

1]

2]

[9]

[10]
[11]

[12]

[13]

L. Bocek, O jedne nerovnosti pro soucin obsahu dvou trojuhelniku, Rozheledy Mat.
Fyz. Praha 59 (1980-1981), 244-249.

O. Bottema and M. S. Klamkin, Joint Triangle Inequalities, Simon Stevin 48 (1974),
I-11, 3-8.

L. Carlitz, An Inequality Involving the Area of Two triangles, Amer. Math. Monthly
78 (1971), T72.

L. Carlitz, Some Inequalities for Two Triangles, Math. Mag. 45 (1972), 43-44.

G. Chang, Proving Pedoe’s Inequality by Complex Number Computation, Amer.
Math. Monthly 89 (1982), 692.

A. Engel, Problem-Solving Strategies, Springer Verlag, New York, 1998.

P. von Finsler and H. Hadwiger, Einige Relationen im Dreieck, Commentarii Mathe-
matici Helvetici, 10 (1937), no. 1, 316-326.

J. Neuberg, Sur les projections et contre-projections d’un triangle fixe, Acad. Roy. de
Belgique 44 (1891), 31-33.

D. Pedoe, An Inequality for Two Triangles, Proc. Cambridge Philos. Soc. 38 (1943),
397-398.

D. Pedoe, On Some Geometrical Inequalities, Math. Gaz. 26 (1942), 202-208.
D. Pedoe, Thinking Geometrically, Amer. Math. Monthly 77 (1970), 711-721.

D. Pedoe, Inside-Outisde: The Neuberg-Pedoe Inequality, Univ. Beograd. Publ. Elek-
trotehn. Fak. ser. Mat. Fiz. No. 544-576 (1976), 95-97.

R. Weitzenbock, Uber eine Ungleichung in der Dreiecksgeometrie, Mathematische
Zeitschrift, 5 (1919), no. 1-2, 137-146.

Cosmin Pohoata

Tudor Vianu National College
Bucharest, Romania RO-010014
pohoata_cosmin2000@yahoo.com



